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Statistical hypothesis testing

• Statistical hypothesis testing is a thought experiment.

• What would the world look like if we knew the truth?

• Conducted with several steps:

1. Specify your null and alternative hypotheses
2. Choose an appropriate test statistic and level of test 𝛼
3. Derive the reference distribution of the test statistic under the null.
4. Use this distribution to calculate the p-value.
5. Use p-value to decide whether to reject the null hypothesis or not
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Last time

• We looked at hypothesis tests for means.

• Tested null that true population mean was some value: 𝘏𝟢 ∶ 𝜇 = 𝜇𝟢

• Under the null hypothesis, we can determine the (approximate)
distribution of the test statistic:

𝘡 = 𝘟 − 𝜇𝟢
𝜎/√𝘯

• Calculated p-values of this test statistic

• Today: generalizing to differences in means.
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Social pressure example

• Back to the Social Pressure Mailer GOTV example.

• Treatment group: mailers showing voting history of them and neighbors.
• Control group: received nothing.

• Samples are independent

• Example of dependent comparisons: paired comparisons
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Two-sample hypotheses

• Parameter: population ATE 𝜇𝘛 − 𝜇𝘊

• 𝜇𝘛 : Turnout rate in the population if everyone received treatment.
• 𝜇𝘊 : Turnout rate in the population if everyone received control.

• Goal: learn about the population difference in means

• Usual null hypothesis: no difference in population means (ATE = 0)

• Null: 𝘏𝟢 ∶ 𝜇𝘛 − 𝜇𝘊 = 𝟢
• Two-sided alternative: 𝘏𝟣 ∶ 𝜇𝘛 − 𝜇𝘊 ≠ 𝟢

• In words: are the differences in sample means just due to chance?
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Difference-in-means review
• Sample turnout rates: 𝘟 𝘛 = 𝟢.𝟥𝟩, 𝘟 𝘊 = 𝟢.𝟥𝟢
• Sample sizes: 𝘯𝘛 = 𝟥𝟨𝟢, 𝘯𝘊 = 𝟣𝟪𝟫𝟢
• Estimator is the sample difference-in-means:

ÂTE = 𝘟 𝘛 − 𝘟 𝘊 = 𝟢.𝟢𝟩

• Standard error of difference in means of independent samples:

SEdiff = √SE𝟤
𝘛 + SE𝟤

𝘊

• Since turnout is binary, we can use the special proportions rule for the
SEs:

ŜEdiff = √𝘟 𝘛 (𝟣 − 𝘟 𝘛 )
𝘯𝘛

+ 𝘟 𝘊 (𝟣 − 𝘟 𝘊 )
𝘯𝘊

= 𝟢.𝟢𝟤𝟪
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CLT again and again

• 𝘟 𝘛 is a sample mean and so tends toward normal as 𝘯𝘛 → ∞
• 𝘟 𝘊 is a sample mean and so tends toward normal as 𝘯𝘊 → ∞
• ⇝ 𝘟 𝘛 − 𝘟 𝘊 will tend toward normal as sample sizes get big.

• Using the z-transformation/standardization:

𝘡 = (𝘟𝘛 − 𝘟 𝘊 ) − (𝜇𝘛 − 𝜇𝘊 )
SEdiff

∼ 𝘕(𝟢, 𝟣)

• Same general form of the test statistic as with one sample mean:

observed - null guess
SE
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The usual null of no difference

• Null hypothesis: 𝘏𝟢 ∶ 𝜇𝘛 − 𝜇𝘊 = 𝟢
• Test statistic:

𝘡 = (𝘟 𝘛 − 𝘟𝘊 ) − (𝜇𝘛 − 𝜇𝘊 )
SEdiff

= (𝘟𝘛 − 𝘟 𝘊 ) − 𝟢
SEdiff

• In large samples, we can replace true SE with an estimate:

ŜEdiff = √ŜE
𝟤
𝘛 + ŜE

𝟤
𝘊
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Calculating p-values

• Finally! Our test statistic in this sample:

𝘡 = 𝘟𝘛 − 𝘟 𝘊
ŜEdiff

= 𝟢.𝟢𝟩
𝟢.𝟢𝟤𝟪 = 𝟤.𝟧

• p-value based on a two-sided test: probability of getting a difference in
means this big (or bigger) if the null hypothesis were true

• Lower p-values⇝ stronger evidence against the null.
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## [1] 0.0124
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Tests and confidence intervals

• Deep connection between confidence intervals and tests.

• A 95% CI contains all null hypotheses with p-values greater than 0.05.

• All the nulls we couldn’t reject if 𝛼 = 𝟢.𝟢𝟧
• 95% CI for social pressure experiment: [𝟢.𝟢𝟣𝟨, 𝟢.𝟣𝟤𝟦]
• ⇝ p-value for 𝘏𝟢 ∶ 𝜇𝘛 − 𝜇𝘊 = 𝟢 less than 0.05.

• More generally: Any value outside of a 𝟣𝟢𝟢 × (𝟣 − 𝛼)% confidence
interval would have a p-value less than 𝛼 if we tested it as the null
hypothesis.
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